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Abstract 
 
The thermodynamic properties of α-Al and other phases (GP zones, θ'', θ' and θ) in the Al-rich 
part of the Al-Cu system have been obtained by means of the cluster expansion formalism in 
combination with statistical mechanics. This information was used to build the Al-rich part of the Al-
Cu phase-diagram taking into account vibrational entropic contributions for θ', as those of the other 
phases were negligible. The simulation predictions of the phase boundaries between α-Al and either 
θ'', θ' or θ phases as a function of temperature are in good agreement with experimental data and 
extend the phase boundaries to a wider temperature range. The DFT calculations reveal the presence 
of a number of metastable Guinier-Preston-zone type configurations that may coexist with α-Al and 
θ'' at low temperatures. They also demonstrate that θ' is the stable phase below 550K but it is replaced 
by θ above this temperature due to the vibrational entropic contribution to the Gibbs energy of θ'. 
This work shows how the combination of cluster expansion and statistical mechanics can be used to 
expand our knowledge of the phase diagram of metallic alloys and to provide Gibbs free energies of 
different phases that can be used as input in mesoscale simulations of precipitation. 
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1. Introduction 
The application of advanced simulations to design novel structural alloys has progressed rapidly 
in recent years owing to several factors which include the ever increasing computational power, the 
maturity of the simulation tools at different length scales and the emerging of novel multiscale 
modelling strategies to bridge length and time scales [1-2]. Nevertheless, the first building blocks of 
these multiscale simulations for alloy design are the phase diagrams that provide information about 
the different stable thermodynamic phases as a function of the alloy composition and temperature. 
The standard strategy to predict the phase diagram of an alloy system is based in the CalPhad 
(computation of phase diagrams) methodology [3] which uses approximate analytical expressions of 
the Gibbs free energy of the different phases with adjustable parameters that are optimized from the 
available experimental and theoretical results. This information is used to predict the stable phases 
and their thermodynamic properties in regions without experimental information. 
Although this methodology is widely used in industry and academia, it is well understood that 
the accuracy of the predictions is hindered by the limitations of the theoretical approach as well as by 
the lack of reliable experimental data. For instance, there are still uncertainties and inconsistencies in 
the current accepted version of the Al-Cu phase diagram [4-5], although this phase diagram has been 
studied for one hundred years due to its huge technological interest. These limitations are due to the 
presence of complicated order-disorder transitions as well as to the rich variety of metastable and 
stable phases, whose solubility limits are very difficult to determine experimentally [6]. Cu can be 
found as the one major alloying elements in most of wrought Al alloys that are widely used in 
transportation (aerospace, automotive, railways, marine, etc.) because of the low density, limited cost, 
ease of fabrication and excellent combination of mechanical properties (strength, ductility and 
toughness) of these alloys [7]. Besides solid solution strengthening, the presence of Cu increases the 
strength of Al by the formation of a number of metastable and stable phases that precipitate from the 
supersaturated solid solution during heat treatments at different temperatures, namely Guinier-Preston 
(GP) zones, θ'' (Al3Cu), θ' (Al2Cu) and θ (Al2Cu) [8]. Nevertheless, the stability curves of the different 
metastable phases as a function of temperature are difficult to determine using the CalPhad 
methodology and the available experimental data are very limited. For instance, the only data of the 
solvus temperature of θ'' and θ' come from a few experiments carried out many years ago in which 
the presence of the phases was ascertained by indirect methods (reversion hardness, electrical 
resistivity) but direct evidence of the precipitates was not ascertained by means of electron 
microscopy [4-5] and the situation is similar in the case of the phase boundary between a-Al and θ 
precipitates when the Cu content is close to 0.33. In fact, the only phase boundary well-established is 
the solvus line of θ precipitates [4].  
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A different approach to determine the phase diagram of alloys is based on the cluster expansion 
(CE) formalism [9-11], which is able to represent the thermodynamic properties of a multicomponent 
system as a linear series of cluster basis functions multiplied by constant expansion coefficients that 
depend on the chemistry and crystal structure of the system. The coefficients of the CE can be 
determined from first-principles calculations of different configurations and this energies provided 
by the CE formalism are used in combination with statistical mechanics simulations to access the 
thermodynamic quantities, enabling parameter-free predictions of the phase diagrams of metallic 
systems, such as Ni-Rh [12], Fe-Ni [13], Cu-Pd [14], Al-Sc [15] and Mg-Nd [16] including metastable 
phases [17]. 
It is obvious that the combination of traditional methods to determine phase diagrams with CE 
approaches can be extremely useful to eliminate the uncertainties induced by experimental errors and 
also to provide quantities difficult to obtain experimentally, such as the Gibbs free energies of 
metastable phases which are -however- very important to determine the nucleation and growth of 
precipitates during thermomechanical treatments [18-19]. Within this framework, the thermodynamic 
properties of the most relevant phases in the Al-rich part of the Al-Cu phase diagram (α-Al, θ'', θ' and 
θ) are determined as a function of temperature and composition using the CE formalism. The 
contribution of the vibrational entropy is also included in the analysis in addition to the 
configurational entropy provided by the CE formalism because the stability of the θ' phase is known 
to be affected by this quantity [19-21]. This information is used to build the Al-rich region of the Al-
Cu phase diagram, which is compared with the limited experimental data available in the literature 
for the metastable phases. In addition, the thermodynamics of the Guinier-Preston (GP) zones at the 
early stage of phase separation is also analyzed. Our results show how the combination of the CE 
methodology and statistical mechanics can be used to expand our knowledge of the phase diagram of 
metallic alloys and to provide Gibbs free energies of different phases that can be used as input in 
mesoscale simulations of precipitation. 
2. Theoretical background 
The theoretical background to obtain the thermodynamic properties of the binary alloy is briefly 
recalled here for the sake of completion. The formation energy per atom of an Al1-xCux binary crystal 
with a certain crystalline structure in the athermal limit can be expressed as 𝐸!(𝐴𝑙"#$𝐶𝑢$) = 𝐸(𝐴𝑙"#$𝐶𝑢$) − (1 − 𝑥)𝐸(𝐴𝑙) − 𝑥𝐸(𝐶𝑢)  (1) 
where 𝐸(𝐴𝑙) and 𝐸(𝐶𝑢) stand for the relaxed energies per atom of pure Al and pure Cu with the same 
crystalline structure and 𝐸(𝐴𝑙"#$𝐶𝑢$) is the relaxed energy per atom of the Al1-xCux crystal. The 
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relaxed energies -and, thus, the formation energy- can be determined using first principles 
calculations based on the Density Functional Theory (DFT) in which both atomic coordinates and 
lattice vectors are allowed to relax at pressure P=0. For each composition, the formation energy will 
depend on the actual configuration, i.e. the position of the Al and Cu atoms in the lattice, leading to 
a formation energy distribution. The configurations in the convex hull have the minimum formation 
energy per atom for a given composition, as compared with other configurations, and stand for the 
stable equilibrium phases at 0K. The main parameter governing the instability of a configuration s is 
the distance to the convex hull 𝑑%(?⃑?) , where ?⃑? = (𝜎", 𝜎&, …	𝜎')  is the discrete configurational 
variable that represents the configuration of the crystal with N sites. In the case of binary alloy, 𝜎( =+1	if the site 𝑖	is occupied by one of the chemical species (Al) and 𝜎( = −1 otherwise (Cu). 
The CE formalism shows that the formation energy per atom can be expressed as a function of 
the configuration according to [9-11] 𝐸!(?⃑?) = ∑ 𝑉!∏ 𝜎((∈!!       (2) 
where 𝑉! stand for the effective cluster interaction (ECI) coefficients and ∏ 𝜎((∈!  are a specific set of 
crystal basis functions that describe the different types of interactions (pairs, triplets, quadruplets, etc.) 
in the system. For a binary alloy crystal with N sites in the lattice, there are 2N different crystal basis 
functions since each lattice site can be occupied by either chemical species but the CE model usually 
converges rapidly and only a relatively few number of interactions are needed to accurately calculate 
the formation energy of a given configuration. The ECI coefficients can be determined from the 
formation energies obtained by DFT for a number of configurations in the system using different 
approaches. 
The equilibrium thermodynamic properties of an ergodic system can be obtained from the 
partition function Z. The semi-grand-canonical ensemble is normally used in alloys to compute phase 
boundaries. It is characterized by a fixed number of sites N in given crystal lattice, constant 
temperature T and chemical potential µ according to [22] 𝑍 = ∑ 𝑒#*(,!"#∆.$)'0      (3) 
where 𝛽 = 1/𝑘1𝑇 , k2 the Boltzmann constant, ∆𝜇 = 𝜇34 − 𝜇56  is the difference in chemical 
potential between the two species and 𝑥 is the composition (expressed in this case as the fraction of 
Cu in the system). The sum in s extends for all possible states of the system. The CE formalism 
provides an efficient tool to determine the formation energy 𝐸0!  of crystals with different 
configurations while the partition function can be evaluated using the metropolis Monte Carlo (MC) 
method [23]. 
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The connection between the thermodynamic grand potential Φ and the partition function is 
given by [22] 𝛽𝛷 = − 𝑙𝑛 𝑍      (4) 
where 𝛷 = 𝑈 − 𝑇𝑆 − ∆𝜇𝑥     (5) 
where 𝑈	and 𝑆 stand for the internal energy and entropy of the system. In the case of solid state 
transformations, the difference between the Gibbs and Helmholtz free energies can be neglected at 
atmospheric pressure because the product of pressure P with changes in specific volume (∆V) are 
small, and the Gibbs free energy for each ground state phase can be obtained from the grand potential 
according to G = Φ + ∆𝜇𝑥      (6) 
The determination of the phase transition boundaries between two phases depends on their lattice 
structure. If they have the same lattice structure, i.e. their thermodynamics properties were obtained 
from the same CE, the phase transition boundaries are determined by 𝛷. The stable phase for any 
value of μ and T is the one with the lowest 𝛷  and the phase transition boundaries are directly 
determined by the intersection of 𝛷	for both phases [24]. However, the grand potentials should be 
used with care to compare phases with different lattice structures since the reference chemical 
potential must be equal, which makes the thermodynamic integration cumbersome. Hence, the phase 
transition boundaries are determined from the common tangent between the Gibbs free energies of 
both phases. We should note here that the reference values of 𝐺 are different for different structures 
and they should be transferred to the same reference before comparison, as it will be explained in 
Section 4.4. 
3. Simulation details 
3.1 DFT calculations 
The CASM (Clusters Approach to Statistical Mechanics) code was used to generate 
symmetrically distinct crystal configurations [25]. The relaxed energies of the configurations were 
obtained from DFT calculations using Quantum Espresso [26] in the ultra-soft pseudopotential mode. 
The exchange-correlation energy was evaluated using the Perdew-Burke-Erzenhof approach with 53 
Ry as the energy cut-off [27]. The Brillouin zone was sampled using a 23×23×23 Monkhorst-Pack 
grid in a fcc Al primitive cell of one atom, a 14×14×14 grid in a bct (θ') primitive cell of three atoms 
and a 12×11×11 grid in a bct (θ) primitive cell of six atoms. K-point grids differ depending on the 
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unit cell of each configuration and CASM keeps the mesh density constant for all configurations. The 
atomic positions, lattice parameters and angles were allowed to relaxed at P=0 for each structure. 
In the case of intermetallic compounds, it is important to take into account the vibrational 
entropic contribution to the free energy. The phonon contribution to the free energy can be accounted 
for by means of the quasi-harmonic approximation [28], where the thermal properties of solid 
materials are traced back to those of a system of non-interacting phonons whose frequencies are, 
however, allowed to depend on volume or on other thermodynamic constraints. Within this 
framework, the vibrational entropic contributions for each phase (fcc Al and Cu as well as θ'', θ', and 
θ) were calculated from the phonon density of states 𝑔(𝜔), were w denotes the volume dependent 
phonon frequencies, according to [29]: 
𝑆7(𝑇) = 𝑘1 ∫ ћ#$%&89:; ћ#$%&<#"=> 𝑔(𝜔)𝑑𝜔 − 𝑘1 ∫ 𝑔(𝜔)=> ln[1 − exp P ћ@A%BQ]𝑑𝜔 (7) 
where ћ is the reduced Planck’s constant. The phonon density of states was determined by finite 
displacement method [29], which is also known as supercell method. 3×3×3 supercells for Al and 
Cu, 3×3×2 supercells for θ'' and θ', and 2×2×3 supercells for θ were used. 
3.2 Cluster expansion formalization 
In order to determine the ECIs for each lattice structure, an initial atomic spacing was set for 
each type of cluster interaction (pair, triplets, etc.) and the corresponding clusters within this atomic 
spacing were used to build the CE. In order to reduce the computational cost during the MC simulation, 
it is important to limit the sets of clusters included in the CE while enough accuracy is retained. The 
optimum set of clusters and the corresponding ECIs for each lattice structure were determined 
following the strategy detailed in [24] and implemented in CASM [25]. To this end, the data of the 
formation energies for each lattice was divided in 10 groups. Each group was for testing the accuracy 
of CE in turn, while remaining 9 groups were used for training. The optimum ECIs in each iteration 
were determined using a genetic algorithm [25] and the estimator of the accuracy in all cases was a 
cross-validation score based on a weighted least-squares fit to obtain better predictions for the 
structures with low energies. Thus, the distance to the convex hull of each structure, 𝑑(?⃑?), was 
modified according to 𝑤(?⃑?) = A	exp(𝑑(?⃑?)/𝑘1𝑇) + B, where A+B is the maximum weight given to 
the ground states on the convex hull and B is the minimum weight given to the microstates far from 
the hull. We used the values A+B=20, B=1, 𝑘1𝑇 = 0.01 eV/atom.  
3.3 Calculation of the grand potentials and Gibbs free energies 
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A combination of low temperature expansion [30] of the free energy with metropolis MC 
simulations was used to determine the grand potentials and the Gibbs free energies of the different 
structures. In the two-phase region, where the 𝛷 of two phases are equal, the difference in the Gibbs 
free energy between both phases is given, according to eq. (6), by ∆𝐺 = ∆𝑈 − 𝑇∆𝑆 = ∆𝜇𝑥. At low 
temperature, where the adjacent stable phases are stoichiometric at their ground state, the slope of the 
line segment connecting them in the convex hull plot plays the role of the difference in chemical 
potential ∆𝜇 because the internal energy is directly given by the formation energies on the convex 
hull, and the entropy term 𝑇∆𝑆 can be neglected. Which two phases coexist at low temperature can 
be selected from the difference in chemical potential ∆𝜇. Therefore, a low temperature expansion was 
first run at 100K over a large range of ∆𝜇, to obtain the stability range of the difference in chemical 
potential of each pair of phases. Moreover, the grand potential reference for each phase was also 
obtained from CASM using the low temperature expansion [22, 30].  
At high temperature, the grand potential of each phase was calculated using the metropolis MC 
algorithm in CASM. From eqs. (3) and (4), the grand potential 𝛷 for each phase can be defined by 
the following total differential 𝑑(𝛽𝛷) = 𝑁X𝐸0! − ∆𝜇𝑥Y𝑑𝛽 − 𝑁𝛽𝑥	𝑑∆𝜇     (8) 
and 𝛷 can be obtained for a given ∆𝜇 as 𝛽CDE𝛷(𝛽CDE , ∆𝜇) = 𝛽1CF(D𝛷X𝛽1CF(D, ∆𝜇Y + 𝑁∫ 〈𝐸0! − ∆𝜇𝑥〉𝑑𝛽*()**%(+,)   (9) 
and for a given 𝛽 as 𝛷(𝛽, ∆𝜇CDE) = 𝛷X𝛽, ∆𝜇1CF(DY − 𝑁 ∫ 〈𝑥〉𝑑∆𝜇∆.()*∆.%(+,)    (10) 
where 〈𝐸0! − ∆𝜇𝑥〉 and 〈𝑥〉 stand for the ensemble averages and 𝛽1CF(D  and 𝛽CDE  and ∆𝜇1CF(D  and ∆𝜇CDE stand for the range of temperatures and chemical potentials explored in the MC simulation 
[22]. The grand potentials for each phase obtained from low temperature expansion at 100K were 
used as starting points for the integration. The fine-grid metropolis MC calculations were first run by 
increasing and decreasing temperature at increments of 10K over the range of 100K ≤ T ≤ 900K at 
each chemical potential. The range of chemical potentials explored for each pair of phases was larger 
than the stability range of each pair of phases to include the phase boundaries. Afterwards, the 
metropolis MC simulations were carried out by increasing and decreasing the chemical potential at 
increments 0.05 eV at each temperature to approach the two-phase region1. Once the grand potential 
 
1 It should be noted that the fcc system contains one atom per unit cell, the bct (θ') system 3 atoms per unit cell and the 
bct (θ') 6 atoms per unit cell. 
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for each phase was determined, the Gibbs free energy can be obtained from eq. (6). The MC 
calculations were performed in periodic supercells of dimensions 10×10×10 primitive unit cells. For 
each value of T and ∆μ, a MC calculation was performed consisting of a number of equilibrating 
passes till the precision of the sampling properties reached 95%, followed by 1000 passes for 
calculating the thermodynamic averages. A pass is defined as Nsites attempted flips, Nsites being the 
number of sites in the Monte Carlo cell with variable occupations. 
4. Results 
4.1 Structures of interest 
The available experimental information indicates the different phases that can be found in the 
Al-rich part of the Al-Cu system after precipitation from the supersaturated solid solution, namely GP 
zones, θ'' (Al3Cu), θ' (Al2Cu) and θ (Al2Cu) [5-7, 31-32]. The GP zones are layers of Cu atoms parallel 
to the {001} planes of fcc α-Al lattice. The structures of α-Al, θ'', θ' and θ are depicted in Fig. 1. α-Al 
has a fcc structure while θ'' shows a face-centered tetragonal (fct) structure, and the height of the unit 
cell is nearly two times that of α-Al. θ' shows a body-centered tetragonal (bct) structure and aθ' is the 
same as aα-Al, while cθ' is much lower than 2aα. Finally, θ shows another bct structure with lower 
symmetry. 
 
Fig. 1 Crystal structures of different phases in the Al-rich part of the Al-Cu system. (a) α-Al. (b) θ'' (Al3Cu). 
(c) θ' (Al2Cu) and (d) θ (Al2Cu). Cu atoms are red and Al atoms blue. 
4.2 Vibrational entropic contribution 
The vibrational entropic contribution to the free energy is given by [19]: 𝐸7 = −𝑇𝑆7(𝑇)      (11) 
where 𝑆7(𝑇) is the vibrational entropy given by eq. (7). Thus, the contribution of the vibrational 
entropy to the formation energy, 𝐸7!, of θ'', θ' and θ compounds with stoichiometry Al1-xCux can be 
expressed as: 
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𝐸7!(𝐴𝑙"#$𝐶𝑢$) = 𝐸7(𝐴𝑙"#$𝐶𝑢$) − (1 − 𝑥)𝐸7(𝐴𝑙) − 𝑥𝐸7(𝐶𝑢)   (12) 
According to the calculated phonon density of states, the formation energies of each phase 
including the vibrational entropic contribution are compared in Fig. 2. It shows that the vibrational 
entropy of θ' is important while those of θ'' and θ can be neglected, which is consistent with the results 
of Liu et al. [19]. Thus, only the vibrational entropy of θ' was considered in this paper. 
 
Fig. 2 Formation energies of θ'', θ' and θ as a function of temperature including the vibrational entropic 
contribution. 
 
4.3 Phase boundary between α-Al and θ'' 
θ'' is an ordered phase with crystalline structure similar to α-Al in which some Al sites have been 
replaced by Cu atoms, although the atomic positions in θ'' differ somewhat from those of α-Al because 
of the presence of the Cu atoms. Therefore, the fcc Al primitive cell was utilized as the motif structure, 
and 343 symmetrically distinct configurations were generated with randomly arranged Al and Cu 
atoms on the lattice sites up to 12 atoms per unit cell. The formation energies of the configurations 
obtained by DFT are shown in Fig. 3. They indicate that θ'' is the only ground-state phase in the Al-
rich side of the fcc Al-Cu system. Several additional ground-state structures can be identified in the 
Cu-rich side besides the known ground states such as η2 (AlCu) [33] and δ (Al2Cu3) [34] with fcc 
structure. The structures of the ground state phases are shown in Fig. 4. All phases have (001) planes 
ordering up to x=0.66, so that the Cu(001) and Al(001) layers are staggered along the [001] direction. 
The sequence is Al-Al-Al-Cu in θ'' (Al3Cu), Al-Cu-Al-Cu-Cu in Al2Cu3 and Al-Cu-Cu in AlCu2. The 
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structure of AlCu3 consists of alternating Cu(001) and Al & Cu(001) layers. The AlCu phase with 
alternative Cu(001) and Al(001) layers lies slightly above the convex hull and it is not stable at 0K 
although it is reported to be a high-temperature phase in the Al-Cu system [33]. We should note that 
there are many other configurations close to the segment connecting α-Al and θ'' in Fig. 3. These 
structures are shown in Fig. 5: they all have (001) planes ordering and Cu(001) are intercalated 
between Al(001) layers. Nevertheless, structures with consecutive Cu(001) were never found near the 
convex hull. 
 
Fig. 3 Formation energies of different configurations in the fcc Al-Cu system calculated by DFT. The ground state 
phases in the convex hull are marked with a red circle. 
 
 
Fig. 4 Ground-state ordered phases in the fcc Al-Cu system. Cu atoms are red and Al blue. 
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Fig. 5 Configurations close to the line segment connecting α-Al and θ'' in Fig. 3 with different Cu content.  
(a) x=0.071. (b) x=0.125. (c) x=0.143. (d) x=0.167. (e) x=0.2. (f) x=0.214. Cu atoms are red and Al blue. 
 
The clusters of atoms with a maximum atomic spacing of 12 Å for pairs, 7 Å for triplets, and 5 
Å for quadruplets were considered to fit the ECI coefficients for the fcc Al-Cu system. According to 
the crystallography of the fcc structure and the atomic spacing of Al primitive cell, 60 clusters were 
initially included. The final optimized ECIs set for the fcc Al-Cu system includes an empty cluster 
interaction, a point cluster interaction, 5 pair interactions, 5 triplet interactions and a quadruplet 
interaction, and their values are presented in Table S1 in the Supplementary Material. The 
corresponding cross-validation score of the least-squares fitting of the CE was only 0.01 eV/atom. 
The phase boundaries between α-Al and θ'' were determined as follows. Low thermal expansion 
and MC simulations were performed to obtain Φ(∆µ, T) of α-Al and θ'' as a function of temperature 
and difference in chemical potential as explained in Section 3.3 using CASM. At a given temperature, 
the stable phase for each chemical potential can be obtained by comparing ΦG#HI and ΦJ’’, as shown 
in Fig. 6a for T = 700K. The black curve in Fig. 6a is calculated from the ground state α-Al by 
increasing ∆µ while the red curve is calculated from θ'' by decreasing ∆µ. The intersection ΦG#HI = ΦJ’’  corresponds to ∆µ where α-Al and θ'' coexist. Because the composition is conjugated to the 
difference in chemical potential, the intersection point can be mapped into the relationship between 
them, which is plotted in Fig. 6b. The region in which ∆µ is constant while the composition varies 
sharply from x= 0.045% to 0.26% in Fig. 6b corresponds to the two-phase region at 700K. Only one 
phase is stable below and above this value of ∆𝜇 at this temperature. It should be noted that the 
composition-chemical potential curves calculated from α-Al by increasing ∆µ  and from θ'' by 
decreasing ∆µ in Fig. 6b are not coincident due to the hysteresis phenomenon during phase transition 
[35] and they cannot be used to determine ∆µ in the two-phase region.  
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Fig. 6 (a) Calculated grand potential Φ as a function of the difference in chemical potential ∆𝜇 in the α-Al and θ'' 
region at 700K. (b) Calculated composition x as a function of the difference in chemical potential ∆𝜇 in the α-Al 
and θ'' region at 700K. 
 
This procedure can be used at different temperatures to determine the phase transition boundary 
between α-Al and θ'', which is shown in Fig. 7, and compared with the limited experimental data 
available in the literature from hardness reversion experiments [36-37] as well as resistivity 
measurements [37]. They are limited to a small range of Cu content (x < 0.02) and, in addition, it 
should be noted that these data are approximate because the reversing on temperature (used to 
determine the solvus line in Fig. 7) depends on the size of the precipitates and, thus, on the prior aging 
conditions. On the contrary, the predictions obtained from the cluster expansion provide the 
boundaries of the two-phase region at any temperature and they can also be used to predict the Gibbs 
free energy of the θ'' precipitates as a function of the Cu content. This information is necessary to 
determine the dynamics of precipitate growth using phase field models [19]. 
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Fig. 7 Calculated and experimental [37-38] phase boundaries between α-Al and θ''. 
4.4 Phase boundary between α-Al and θ' 
The primitive cell of bct θ' was used as the motif structure to get the thermodynamic properties 
of θ' (Al2Cu). 100 symmetrically distinct configurations were generated with randomly arranged Al 
and Cu atoms on the lattice sites with up to 9 atoms per unit cell, but 9 of them over-relaxed to very 
different types of lattice. If these over-relaxed configurations to construct the CE, the convergence 
and accuracy of the predictions decreased and even the ground states on the convex hull could not be 
predicted accurately, in agreement with previous results [39-40]. Therefore, these 9 configurations 
that over-relaxed to different lattice structures were not used to build the CE. The formation energies 
of the 91 configurations calculated by DFT that were used to build the CE are shown in Fig. 8a. 
Clusters of atoms with maximum atomic spacing of 10 Å for pairs, 5 Å for triplets, and 5 Å for 
quadruplets were considered to determine the ECI coefficients of the CE for the bct (θ') Al-Cu system 
with a total of 101 clusters. The optimized ECI coefficients set includes 2 point cluster interactions, 
4 pair interactions, 2 triplet interactions and 6 quadruplet interaction, which are detailed in Table S2 
in the Supplementary Material). The corresponding cross-validation score of all configurations was 
0.06 eV/atom, while that of the configurations with composition x≤0.33 was 0.03 eV/atom. 
MC simulations were performed to get the Φ of θ' as a function of temperature and the difference 
of chemical potential and, therefore, GJ’  was calculated as a function of composition at each 
temperature according to eq. (6). However, the reference values of GJ’ were calculated with respect 
to energies of pure Al and pure Cu with bct (θ') structure, which are different from those of the stable 
phases fcc Al and fcc Cu. As the formation energy of each configuration only depends on the 
composition according to eq. (1), the formation energy Ef can be changed from the reference to the 
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bct structure in Fig. 8 to the reference in the fcc structure  by adding an energy difference ∆Ef that 
only depends on composition. The same energy difference ∆Ef should be added to GJ’ according to 
eq. (6).  
 
Fig. 8 Formation energies of symmetrically distinct configurations in the bct (θ') Al-Cu system calculated by DFT 
with respect to the bct (θ') Al and Cu phases. The ground state phases in the convex hull are marked with a red 
circle.  
 
The Gibbs free energies calculated from the CE of α-Al and θ' (using the formation energies of 
fcc Al and Cu as reference values) are shown in Fig. 9 at different temperatures (200K, 400K, 600K 
and 800K). The values of GJ’ at x=0.33 do not change with temperature, which means the θ' is a 
stochiometric line-compound. Thus, the vibrational entropy contribution of θ' was included, and the 
Gibbs free energies of α-Al and θ' including both configurational and vibrational entropic 
contributions are plotted in Fig. 10a at different temperatures. The phase boundaries can be 
determined as a function of temperature from the common tangent of the Gibbs free energies of α-Al 
and θ'', which is shown as a dashed black line in Fig. 10a for T = 800K as an example. The content 
of Cu in α-Al is determined by mapping the intersection of the Gibbs free energy of α-Al and the 
common tangent line onto the composition axis, while xθ' = 0.33. It should be noted that the common 
tangent does not change even if you add the vibrational entropic contribution to the whole GJ’ curve. 
 
15 
 
 
Fig. 9 Calculated Gibbs free energies of α-Al and θ' as a function of composition x at different temperatures. 
 
Fig. 10 (a) Gibbs free energies of α-Al and θ' including both configurational and vibrational entropic contributions. 
The inset shows the detail of Gα at different temperatures. The differences in GJ’ with temperature are due to the 
contribution of vibrational entropy from [19]. The dashed black line shows the common tangent between Gα and GJ’ at 800K. (b) Phase boundaries between α-Al and θ'. The experimental curve corresponds to an average of 
different experimental results in [5]. 
 
This procedure can be repeated at different temperatures and the corresponding phase transition 
boundary between α-Al and θ' is shown in Fig. 10b, together with an average of the experimental data 
in the literature. The θ' solvus curve cannot be obtained by the hardness reversion method because it 
is very close to the equilibrium curve [5] and it was estimated by different authors from thermal 
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effects during heating [41] or cooling [42] or resistivity measurements [43]. Nevertheless, these 
studies were not always accompanied by transmission electron microscopy observations, leading to 
uncertainties about the observed transitions. The data plotted in Fig. 10b correspond to the average 
solvus curve in [5] after a critical analysis of the experimental data. Again, they are in good agreement 
with the predictions obtained by CE, which are able to extend the phase transition range to a wider 
range of Cu composition. Obviously, both experimental and CE results indicate that θ' is a line 
compound at xθ' = 0.33. 
4.5 Phase boundary between α-Al and θ 
The primitive cell of bct θ was used as the motif structure to get the thermodynamic properties 
of this phase. 93 symmetrically distinct configurations were generated with randomly arranged Al 
and Cu atoms on the lattice sites up to 12 atoms per unit cell. 7 of them over-relaxed to very different 
types of lattice and were not included to build up the CE. The formation energies of the 86 
configurations used to create the CE are shown in Fig. 11. Clusters of atoms with maximum atomic 
spacing of 7 Å for pairs, 5 Å for triplets, and 3 Å for quadruplets were considered to determine the 
ECI coefficients of the CE for the bct (θ) Al-Cu system. A total of 90 clusters were included. The 
final optimized ECI coefficients set consists of a point cluster interaction, 8 pair cluster interactions 
and 10 triplet cluster interactions (see in Table. S3 in Supplemental Material). The corresponding 
cross-validation coefficient was 0.03 eV/atom. 
 
Fig. 11 Formation energies of symmetrically distinct configurations in the bct (θ) Al-Cu system calculated by DFT 
with respect to the bct (θ) Al and Cu phases. The ground state phases in the convex hull are marked with a red circle.  
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The GJ was obtained as a function of composition at different temperatures following the same 
procedure indicated in Section 4.4 where the reference values of GJ  were changed from those 
corresponding to the bct structures of Al and Cu to the reference values of fcc Al and Cu by adding 
the energy difference ∆Ef for each composition.  
The Gibbs free energies of α-Al and θ are plotted in Fig. 12a as a function of temperature and 
the phase boundaries between α-Al and θ were obtained from the common tangent between GG and GJ. It is plotted in Fig. 12b together with experimental data of the phase transition boundary [5]. The 
left boundary corresponding to the solubility limit of Cu in Al has been extensively characterized 
experimentally1 and the CE results are in excellent agreement with the experimental data up to 821K, 
the eutectic temperature in the Al-rich region of the Al-Cu system. On the contrary, the experimental 
data on the phase boundary between α-Al and θ close to x = 0.33 reported in [5] are based in a few 
data points reported in an investigation carried out more than one century ago [44]. The CE 
simulations show significant differences and point out the experimental difficulties associated with 
the experimental determination of phase boundaries. 
 
Fig. 12 (a) Gibbs free energies of α-Al and θ as a function of composition for different temperatures. (b) Phase 
boundaries between α-Al and θ. The experimental curves correspond to an average of different experimental 
results in [5]. 
5. Discussion 
5.1 GP zones and θ'' precipitates 
The formation energies of all configurations in the three lattice structures obtained by DFT are 
plotted in Fig. 13. All of the them are referred to the formation energy of fcc Al and Cu. Up to x=0.25, 
 
1 Data from 12 different experimental investigations are reported by Murray [5] and they practically superposed from 
600K up to the eutectic temperature. 
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the configurations of the fcc Al-Cu system that lie close to the segment connecting α-Al and θ'' always 
present the lowest energies. Thus, the configurations lying near the line segment connecting α-Al and 
θ'' are metastable phases that may be present at low temperatures and will disappear gradually with 
increasing temperature, the solution rate being controlled by the kinetics of the diffusion of Cu atoms 
in the fcc Al matrix. 
 The structures of these configurations in Fig. 5 indicate that Cu atoms tend to be arranged on 
the {001} planes of the α-Al matrix because this structure has the lowest energy. This process will 
continue aggregating more Cu atoms, leading to the formation of a monolayer of Cu(001) embedded 
in the Al(001) layers, the so-called GP zones [45-46]. So, the GP zones are essentially periodic 
structures composed of Cu(001) monolayers embedded between Al(001) layers with different spacing 
between them. It is very likely that more configurations with Cu(001) monolayers embedded in 
Al(001) layers will appear on the line segment if more configurations are generated, and they would 
also be GP zones. Therefore, GP zones are not a well-established phase with a given composition but 
a range of phases formed by Cu(001) monolayers with different spacing between them that appear 
during the precipitation of θ''.  
 
Fig. 13 Formation energies obtained by DFT of all configurations in the three lattice structures: fcc, bct (θ') and 
bct (θ). The formation energies are referred to the fcc Al and Cu phases.  
 
According to the structures shown in Fig. 5, the thickness of these GP zones is equal to one 
monolayer of Cu atoms, in agreement with experimental observations [7,31]. Growth of GP zones 
parallel to the disc depends on the diffusion of Cu atoms and also by the increase in interfacial energy 
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as well as in strain energy as a result of the lattice mismatch between Cu(001) monolayers and the 
surrounding α-Al matrix. Note, however, that the calculated phase diagram is intended at the 
thermodynamics limit and, therefore, it does not consider the strain energy that might appear in 
multiphase regions. 
The Gibbs free energies of α-Al and θ'' are plotted in Fig. 14 as a function of temperature. The 
common tangent of Gibbs free energies of α-Al and θ'' below 300K is very close to that of the GP 
zones with different arrangements indicated above. Nevertheless, common tangent between 𝐺G#HI 
and 𝐺J’’ at temperatures higher than 300 K is always below that of the different GP zones with α-Al 
and the fcc lattice formed by three Al(001) layers sandwiched between two Cu(001) monolayers 
becomes the stable phase (Fig. 1b). Because the precipitation of θ'' also depends on the diffusion of 
Cu atoms, it could be argued that the GP zones will be favorable sites for the nucleation of θ'' because 
they already contain the basic blocks of the θ'' precipitates, namely layers of Cu atoms on the {100} 
planes.  
 
Fig. 14 Gibbs free energies of α-Al and θ'' at different temperatures. The inset shows the detail of Gθ''. The 
dashed black lines show the common tangents between Gα and Gθ''at 800K and 300K. 
 
It should be also noted that the Gibbs free energy curves of the Gθ'' precipitates can be used to 
carry out parameter-free predictions of the growth of θ'' precipitates at different temperatures through 
mesoscale phase field simulations [19]. In this analysis, the contributions from interface energy and 
elastic strain energy associated with the elastic mismatch between α-Al and θ'' can also be accounted 
for from first principles simulations of the lattice parameters and elastic constants of both phases 
together with the interface energy of the coherent interfaces between both phases. The predictions of 
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these phase field simulations were in good agreement with the equilibrium size and aspect ratio of 
the θ'' precipitates after aging at 453K in an Al-1.7 at.% Cu alloy [19]. 
5.2 θ' and θ precipitates 
According to the formation energies of different configurations in the fcc Al-Cu system (Fig. 3), 
the slopes connecting α-Al and θ'' as well as θ'' and Al2Cu3 are very close. Thus, the chemical 
potentials that stabilize α-Al and θ'' as well as θ'' and Al2Cu3 are very close. In fact, the chemical 
potentials that stabilize α-Al and θ'' are gradually approaching those that stabilize θ'' and Al2Cu3 as 
the temperature increases (Fig. 14). Nevertheless, neither Al2Cu3 nor AlCu are stable phases at low 
temperatures, because the bct θ' phase has lower formation energy (Fig. 13) and is on the convex hull. 
θ' is known to precipitate from the supersaturated solid solution after the θ'' phase during aging at 
approximately < 473K and tends to nucleate along dislocations and grain boundaries [7, 31-32]. The 
θ' precipitates have a plate shape with {001}a habit planes. The broad faces of the plates are nearly 
fully coherent with the a-Al matrix while the edges of the plates are semi-coherent. Precipitate growth 
has also been analyzed using the mesoscale phase field method and the habit plane and shape of these 
precipitates, as well as the trend to nucleate in dislocations comes about as a result of the interplay 
between the interface energy and the transformation strain associated to the nucleation of the 
precipitate [7, 18]. 
The Gibbs free energies of α-Al, θ' and θ are plotted in Fig. 15 as a function of temperature. 
While Gθ decreases with temperature, Gθ' increases with temperature due to the vibrational entropic 
contribution. As a result, θ' is the stable phase below 550K and it is replaced by θ above 550K, in 
agreement with previous analyses [19-20]. θ' and θ are made up of alternating Cu and Al monolayers 
and their stoichiometry is the same. Therefore, from the energy viewpoint, it seems feasible that θ' is 
transformed into θ at high temperature due to the entropic contribution although the transformation 
mechanisms are still not known. Once this transformation has taken place, θ may remain as a 
metastable phase if the alloy is rapidly quenched to low temperatures. 
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Fig. 15 Gibbs free energies of α-Al, θ' and θ at different temperatures. The inset shows the detail of shows the 
detail of Gθ' and Gθ around x=0.33. 
 
6. Conclusions 
 
The thermodynamic properties of α-Al and other phases (GP zones, θ'', θ' and θ) in the Al-rich part 
of the Al-Cu system have been obtained by means of the cluster expansion formalism in combination 
with statistical mechanisms. In particular, the ground state phases in the convex hull were obtained 
by DFT calculations of phases with fcc, bct (θ') and bct (θ) lattice structures. Then, the grand potential 
and the Gibbs free energies of the ground state phases were determined by means of low thermal 
expansion and metropolis Monte Carlo simulations using the CASM code. Finally, the Al-rich part 
of the Al-Cu phase-diagram was built taking into account vibrational entropic contribution of the θ', 
as those of the other phases were negligible. The simulation predictions of the phase boundaries 
between α-Al and either θ'', θ' or θ phases as a function of temperature were in good agreement with 
the experimental data in the literature and expanded the experimental phase boundaries to a wider 
temperature range. They also showed that θ' is the stable phase below 550K but it is replaced by θ 
above this temperature because of the vibrational entropic contribution to the Gibbs energy of θ'. 
Finally, the DFT calculations showed the presence of a number of metastable configurations that may 
coexist with α-Al and θ'' at low temperatures. They are Guinier-Preston-zone type periodic structures 
composed of Cu(001) monolayers embedded between Al(001) layers with different spacing between 
them. The Gibbs free energy curves of the different phases obtained from cluster expansion can be 
used as input - in combination with interface and elastic mismatch energies - of precipitate nucleation 
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and mesoscale phase field models of precipitate growth to make self-consistent predictions of 
precipitation in Al-Cu alloys. 
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